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Extension of a Compressible Code Toward
the Incompressible Limit
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Deutsches Zentrum für Luft- und Raumfahrt, D-38108 Braunschweig, Germany

Pressure is used as a dependent variable for consistent extension toward incompressible � ows. The proposed
method exploits the fact that the divergence-free constraint on the velocity � eld for incompressible � ow derives
from the energy equation. In the compressible regime the implicit elliptic pressure equation transforms into an
explicit hyperbolic equation, leading to the common formulation used in explicit compressible codes. The method
strictly respects the strong conservation form, and reliable shock capturing is established by the use of a proven
approximate Riemann solver for � ux computation. For low-Mach-number � ows the present approach showed
improved robustness and ef� ciency compared to standard preconditioning techniques.

Introduction

T HE extensionof compressiblecodes toward the limit of incom-
pressible � ow is still a challenge in the developmentof numer-

ical algorithms for � uid � ow simulation. The main reason for the
dif� culties encountered is tied to a change in character of the
governing equations from hyperbolic in time to elliptic, when
the Mach number tends to zero. Furthermore, as was shown in
Ref. 1, in the incompressible limit the discrete equations contain
pressure � uctuations of the order of the Mach number, which is
not the case for the continuous equations. To cope with these
problems, the system of unsteady, compressible equations is pre-
conditioned with a suitable matrix such that the disparity in the
eigenvalues of the system is reduced and the integration with a
time-marching process is still applicable.2¡4 Preconditioning of
the unsteady equations to apply compressible codes to incom-
pressible � ow problems has received widespread attention, and
a variety of suitable preconditioning matrices was derived.2¡7

However, this low-Mach-number preconditioning has not proven
to be fully satisfying in the incompressible limit. In regions of
very low local Mach number, for example, near stagnation points
and in recirculation regions the preconditioning matrix might be-
come singular8 and the robustness of the computation may be
impaired.

As an alternative, codes primarily designed for incompressible
� ows are extended toward the compressible � ow regime.9¡12 In
this approach, usually the continuity equation is manipulated us-
ing the discrete divergence of the momentum equations to yield a
Poisson equation for a pressure correction. For the solution of in-
compressible � ows, this formulation leads naturally to respecting
the constraint of a divergence-free velocity � eld. This condi-
tion is not directly accounted for in the preconditioning approach
when used in combination with explicit time-integration methods
such as Runge–Kutta schemes.7 The extension to compressible
� ows is achieved by incorporating convective terms into the pres-
sure correction equation and to use Laplace’s equation to trans-
form the time derivative of density stemming from the continu-
ity equation into a time derivative of pressure.9¡11 However, in
most such methods the strong conservation of the governing equa-
tions is not strictly respected,9¡11 and the computation of cell
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interface � uxes is usually not achieved with established Riemann
solvers.

To avoid the shortcomings of preconditioning and pressure-
based schemes, in the present work, a method will be developed
that employs a unique formulation throughout the Mach-number
regime, and it shall exhibit the following features: the governing
equations are solved in strong conservation form, the cell inter-
face � ux computation is based on the approximate solution of the
Riemann problem, the divergence-free constraint is accounted for
in the incompressible limit, and the solution method adapts to the
change in character of the governing equations from hyperbolic to
elliptic.

As a basis for thepresentwork, the MAPSC � ux-splittingscheme
developed in Ref. 13 will be used in combination with the � ndings
of Ref. 14, where it was shown that the divergence-free constraint
derives from the energy equation,and not from the continuityequa-
tion as usually assumed in pressure-based methods. The present
approach is rigorously based on the approximate solution of the
Riemann problem.15 The performance of the present method will
be assessed by computing steady incompressible and compress-
ible, inviscid � ow through nozzles and around airfoils and viscous
airfoil � ow.

Governing Equations
We consider the two-dimensional Navier–Stokes equations for

compressible � ow. The system of partial differential equations in
strong conservation form is given by
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where W represents the vector of conservative variables and F
and G denote the � ux-density vectors for the x and y direc-
tions, respectively. Setting the viscous parts of the � ux-density
tensor to zero, the Euler equations governing inviscid � ow are
obtained:
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or in divergence form
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where x and y denote the Cartesian coordinates; ½ , u; v; E; p; and
H represent density, Cartesian velocity components, speci� c total
energy, pressure, and speci� c total enthalpy, respectively; and q is
the vector of the local � ow velocity.

To close this system, the equation of state

p=½ D R ¢ T (3)

is used with R as speci� c gas constant and T as temperature.To re-
spect the role of pressure,in this work pressurewill not be computed
from the equationof state,but an equationexclusivelyfor pressureis
established. If conservation shall not be violated, pressure changes
±. p/ have to be computed from changes of conservative variables
±.W/ by employing the chain rule:

±.p/ D .° ¡ 1/[.q2=2/±.½/ ¡ u±.½u/ ¡ v±.½v/ C ±.½E/] (4)

Usingde� nition(4), theenergyequationin the system(2) is replaced
with
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or in abbreviated form introducingQ.W/ as the vector of conserva-
tive � ux balances with
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(6)
The equation of state (3) is then used to compute speci� c total
energy or enthalpy when required. When the Mach number M
approaches zero, all equations of system (2) are of order O.M2/
(see Ref. 1). Becauseof the scalingof the residualsof continuityand
momentum equationswith q2; u; v in Eq. (5), for M ! 0 the contri-
butions of continuity and momentum equations become negligible
compared to the contribution of the energy equation, and Eq. (5)
reduces to

@p

@ t
C .° ¡ 1/[div.½Hq/] D 0 (7)

Derivation of Computational Approach
The present method is derived by considering the discrete � ux

through a computational cell. Using the basic � ux-difference-
splitting (FDS) scheme of Ref. 15, the inviscid � ux density vector
F normal to a cell interface can be written as

F D 1
2 .FL C FR/ ¡ 1

2
jAj ¢ 1W (8)

where FL and FR are the left and right states of the inviscid � ux
density vector normal to the cell interface, A is the corresponding
� ux Jacobian,and 1W denotes the differencesin conservativevari-
ablesbetween left and right states of a cell interface.The expression
jAj ¢ 1W can be expanded in terms of the interface Mach number
M0 , with M0 de� ned as13

Mo D min.jM j; 1/ ¢ sign.M/ (9)

The resulting expressions of jAj ¢ 1W are summarized here as
� ux differences 1F for the continuity, momentum, and energy

equations:

1F½ D .1=c/.1 ¡ jM0j/1p C ½jM0j1qn C jqnj1½

1F½u D nx jM0j1p C .1=c/u.1 ¡ jM0j/1p C nx ½c.1 ¡ jM0j/1qn

C ½ujM0j1qn C jqnj1½u

1F½v D n y jM0j1p C .1=c/v.1 ¡ jM0j/1p C n y½c.1 ¡ jM0j/1qn

C ½vjM0j1qn C jqnj1½v

1F½ H D .1=c/H .1 ¡ jM0j/1p ¡ jqnj.1 ¡ jM0j/1p

C qn½c.1 ¡ jM0j/1qn C ½H jM0j1qn C jqn j1½ H

For compressible � ows the terms scaled linearly with jM0j become
dominant, whereas for incompressible� ows these terms vanish and
all terms scaled by .1 ¡ jM0j/ dominate.13 To obtain the proper
scaling of the numerical dissipation in the incompressible limit, the
speed of sound c in the preceding equations has to be replaced by
an arti� cial speed of sound c0, which is of the order of the mean
� ow speed.1;2;13 Thus, the dominance of the pressure differences
scaled by 1=c0.1 ¡ jM0j/ is strongly ampli� ed in these cases. In
Ref. 7 the pressure differencesoccurring in the continuity equation
were used to derive a pressure correction equation to respect the
divergence-freeconstraintin the incompressiblelimit. In the present
work, however, with regard to Eq. (7) attention is focused on the
enthalpy � ux of the energy equation. The discrete enthalpy � ux
density at a cell face S can readily be computed from the preceding
equations as
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(10)

where qn denotes the velocity normal to the cell interface de� ned
as qn D q ¢ n with n as the outward facing normal of cell face S and
O DT stands for other dissipative terms as listed in the preceding
equations. The pressure difference 1p denotes the difference be-
tween values on the left side L and right side R at a cell interface,
giving 1p D pR ¡ pL , where the normal vector n at a cell interface
is pointing from left to rightwhen the cell boundary is traversed in a
mathematicallypositive sense. The correspondingdiscrete enthalpy
� ux through the cell face is obtained by multiplying Eq. (10) by the
cell face area S:

F½ H ¢ S D 1
2

¢
£¡

½Hq L
n C ½Hq R

n

¢

¡ .H=c0/.1 ¡ jMoj/1p C O DT
¤

¢ S (11)

Using the FDS discretization15 to obtain the intermediate state at
cell interfaces, the discrete divergence div±of ½ Hq in a cell can be
expressed as
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(12)

where i faces denotes the number of faces of the computational
cell with i as the running index and vol is the corresponding cell
volume.

Using de� nition (12), the discrete analog of Eq. (5) or (6) is
expressed as

±p=±t C .° ¡ 1/[.q2=2/Q±.½/ ¡ uQ±.½u/ ¡ vQ±.½v/

C div±.½Hq/] D 0 (13)
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where Q±.½; ½u; ½v/ denote the discrete � ux balances of the conti-
nuity and momentum equations, respectively.Equation (13) can be
rearranged with use of Eq. (12) to yield
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To compute incompressible � ows, a pressure correction equation
will be derived from Eq. (14), and the relevant pressure terms in
this regime have to be identi� ed. First, as already mentioned, for
M ! 0 the pressure differences 1p of the dissipative terms scaled
inversely with the preconditionedspeed of sound c0 dominate. The
pressure differences of the momentum equations are also scaled
linearly with the Cartesian velocity components. In the pressure
equation (14) contributions from continuity and momentum equa-
tions are multiplied by q2; u; v, respectively. Thus, for M ! 0 in
Eq. (14) only the pressure differences of the energy equation re-
main relevant. Introducingnow an implicit formulationfor pressure
with respect to the relevant terms in the incompressible regime by
using pn C 1 D pn C ±p, it follows from Eq. (14):
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where the right-hand side (RHS) is de� ned by the explicit � ux bal-
ances as

RHS D ¡.° ¡ 1/
£
.q2=2/Q±.½/ ¡ u Q±.½u/

¡ vQ±.½v/ C div±.½Hq/
¤

(16)

Equation (15) re� ects the role of pressure for compressible and
incompressible � ow in the discrete formulation: For compressible
� ow at Mach numbers above one, the second term on the left-hand
side of Eq. (15) vanishes, and Eq. (15) becomes purely explicit.
The system of Eqs. (2) can be solved simultaneously with any ex-
plicit time-stepping scheme, and the simultaneous solution of the
system (2) re� ects the tight coupling of all variables in compress-
ible � ow. However, when the Mach number tends to zero Eq. (15)
requires an implicit solution for p. Pressure is not advanced in time
in the same explicit manner as the other variables any more, but
because of the implicit formulation pressure � uctuations in� uence
the whole domain at every time step. This re� ects the fact that for
M ! 0 pressure � uctuations propagate in� nitely fast compared to
the advection speed q.

For incompressible � ow, by virtue of Eq. (7), Eq. (15) becomes
a Poisson equation for pressure similar to the pressure correction
equation derived in Ref. 7. The difference between Eq. (15) in the
incompressible limit and the pressure correction equation of Ref. 7
is that in Eq. (15) the enthalpy � ux ½ Hq is regarded and not the
mass � ux ½q because in Ref. 7 the Poisson equation was derived
from the continuity equation. For inviscid � ow the divergence-free
constraint for the incompressiblevelocity � eld, div.q/ D 0, derives
from the energy equation, but not from the continuity equation.14

In fact, the continuity equation becomes an advection equation for
density � uctuations as M ! 0 (Refs. 1, 16, and 17). For M ! 0 the
right-hand side of Eq. (15) reduces to the divergence of enthalpy
� ux, that is, the � ux balance of the energy equation. Because for
low-Mach-number � ows the energy equation expresses that div.q/
is going to zero,17 it can be expected that Eq. (15) will account for
the divergence-free constraint similarly as the pressure correction
equation derived from the continuity equation.

Implementation of the Current Approach
The approach just derived is implemented into the framework of

explicit Runge–Kutta time integration. In conventional compress-
ible codeswith Runge–Kutta time-steppingschemes, the set of gov-
erning equations (1) is solved simultaneously to update the conser-
vative variables W:

W.m/

j D W.0/

j C ®.m/ ¢ R j

¡
W.m ¡ 1/

¢
(17)

where the superscripts (m) denote the stage count with m running
from one to the maximum number of stages; the subscripts j cor-
respond to the location at mesh points in the � ow� eld; ®.m/ is the
stage coef� cient of the (m/ stage; and R j .W.m ¡ 1// represent the
conservative residuals of continuity, momentum, and energy equa-
tions evaluated using the � ow variables from the preceding (m ¡ 1)
stage.

To solve for anotherset of variablesU D .½; ½u; ½v; p/T , Eq. (17)
becomes

U.m/

j D U.0/

j C ®.m/ ¢ R j

¡
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¢
(18)

where the explicit residualfor the pressureequationis obtainedafter
evaluation of the conservative � ux balances Q.W/ and application
of the chain rule following Eq. (4).

To implement the formulation of the pressure equation (15) into
the Runge–Kutta scheme (18), in each stage m a preliminary pres-
sure update ±p j is computed from Eq. (15). In the present work
Eq. (15) is solved with a point Jacobi method, and analogously
to Ref. 7, 10 iterations are used as default. Having computed ±p j ,
pressure is then updated in the Runge–Kutta framework as

p.m/

j D p0
j C ®.m/ ¢ ±p j (19)

For Mach numbers greater than unity, the second term on the left-
hand side ofEq. (15) vanishes,and thepressureupdate fromEq. (19)
becomes purely explicit and identical to the update by the basic
Runge–Kutta scheme of Eq. (18). In such cases the effort for solv-
ing Eq. (15) is discarded,which leads to unnecessarycomputational
overhead.To avoid this overhead,a combinationwith implicit resid-
ual smoothing techniqueswill be established in the following.

The convergence of explicit compressible codes toward steady
state can be accelerated by implicit residual smoothing,18 and in
Ref. 19 an implicit smoothing technique applicable to unstructured
meshes was derived on the basis of the MAPS discretization. The
smoothed residual R̃ is obtained by solving19

R̃ j ¡
±t j

V ol j

ifacesX
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"i 1R̃ D R j (20)

and the smoothing coef� cients "i on the cell faces are de� ned as

"i D 1
2 [Mup C .1 ¡ jM0j/.c0=c/]i ci Si (21)

The upwind face Mach number Mup is given in Eq. (23).
Equation (20) is solved in each stage of the Runge–Kutta scheme

bypointJacobiiteration,andusually6–10 iterationsare employed.19

The applicationof implicitsmoothingviaEq. (20)allowsan increase
of Courant–Friedrichs–Lewy (CFL) number of the basic explicit
scheme by a factor of 2–3.

The smoothing coef� cient de� ned in Eq. (21) can be integrated
into Eq. (15) for the update of pressure:
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Using Eqs. (19) and (22) for the updateof pressureand Eqs. (18) and
(20) to update density and momentum, leads for compressible � ow
to the implicit smoothing proposed in Ref. 19, and for incompress-
ible � ows pressure is updated by an equationsimilar to the pressure
correction equationderived in Ref. 7. Note that the numerical effort
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to solve Eq. (22) is identical to the effort required in the original
formulation of Ref. 19 for implicit smoothing of the energy equa-
tion. The only difference is the new smoothing coef� cient de� ned
in Eq. (22). By using 10 Jacobi iterations as a default in the present
approach,the computationaleffort of one time step is comparableto
a time step of the originalmethod.19 Any reduction in the numberof
time steps required to reach convergence therefore directly reduces
total computation time. The conceptual dif� culties encountered in
Ref. 7 to ef� ciently cover both compressible and incompressible
� ow regimes are overcome with the present approach.

Throughout this work the MAPSC approximate Riemann
solver13 is used for spatial discretization. The MAPSC discretiza-
tion is an extension of the MAPS (Mach-number-based advection
pressure splitting) � ux-splittingscheme,20 which was designedem-
ploying elements of other hybrid � ux-splitting formulations.21;22

The MAPS formulation yielded a very simple and robust scheme
for high-speed � ows, and it does not violate the entropy condition,
in contrast to other � ux-splitting schemes.20;23 MAPS was then ex-
tended to low-speed� ows byaddingcross-diffusionterms identi� ed
in the classical FDS scheme.15 The resulting MAPSC scheme was
shown to be very similar to the FDS discretization15; however, no
Roe-averaging or entropy correction is required. For completeness
the dissipativeterms of the MAPSC discretization13 are given here:

1F½ D .1=cmax/.1 ¡ jM0j/1p C ½¯M 1qn C jqnj1½

1F½u D nx ¯ p1p C .1=cmax/u.1 ¡ jM0j/1p C nx ½mincmin

£ .1 ¡ jM0j/1qn C ½u¯M 1qn C jqnj1½u

1F½v D n y¯
p1p C .1=cmax/v.1 ¡ jM0j/1p C ny ½mincmin

£ .1 ¡ jM0j/1qn C ½v¯ M 1qn C jqn j1½v

1F½ H D .1=cmax/H min.1 ¡ jM0j/1p C ½ H¯M 1qn C jqn j1½H

jM0j D min[max.jM L j; jM R j/; 1]

cmax D max.cL ; cR /; cmin D min.cL ; cR /

½min D min.½ L ; ½ R/; H min D min.H L ; H R /

u D 0:5 ¢ .uL C u R/; v D 0:5 ¢ .vL C vR /

½ D 0:5 ¢ .½ L C ½ R/; ½u D 0:5 ¢ .½ L uL C ½ Ru R/

½v D 0:5 ¢ .½ L vL C ½R vR /; ½H D 0:5 ¢ .½ L H L C ½ R H R /

¯ M ! see Eq. (23); ¯ p ! see Eq. (23); jqn j ! see Eq. (23)

The functions ¯M , ¯ P , and jqnj are de� ned by13

¯ M D min.0; 2 ¢ Mmax 1 ¡ 1/

Mmax 1 D min[max.jM L j; jM R j/; 1]

¯ P D max.0; 2 ¢ Mmin 1 ¡ 1/

Mmin 1 D min[min.jM L j; jM R j/; 1]

jqn j D Mup ¢ cav

Mup D max.jM L j; jM R j/

cav D 0:5.cL C cr / (23)

For incompressible� ows, the MAPSC and the FDS schemebecome
identical. To obtain the correct scaling of dissipation in the incom-
pressible limit,13 the speed of sound c in the MAPSC dissipation
outlined has to be replaced by an arti� cial speed of sound c0:

c0 D
p

®2q2 C M2
r c2; ® D 1

2

¡
1 ¡ M 2

r

¢
(24)

where Mr is a reference Mach number de� ned as

M2
r D min

©
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£
q2=c2; k

¡
q2

1

¯
c2

1

¢
; 1

ª
(25)

with k usually set to unity. The arti� cial speed of sound c0 is also
used to compute the allowable time step.

Application of the Method
First, the present approach is used to compute one-dimensional

nozzle � ow. The computationalmeshes consisted of 160 cells along
the nozzle axis. To clearly identify capabilities and limits, only a
� rst-orderimplementationwas investigated,and for time integration
a three-stage Runge–Kutta scheme without any acceleration tech-
niques except local time stepping was used. Thus, for compressible
� ow with Mach numbers greater than unity the original Runge–

Kutta time stepping is recovered [see Eq. (15)]. Results obtained
with the basic compressiblecode using the MAPS+ discretization13

with preconditioningfor incompressible � ows served as reference.
The � rst test case is the nearly incompressible � ow in a converg-
ing/divergingnozzlewith an in� ow Mach numberof Min D 0:00845.
Figure 1 shows the Mach-numberdistributionalong the nozzle axis.
Because the pressureequation is based on the conservative� ux bal-
ances according to Eq. (5), the converged results of the reference
code and the present approach are identical. The solution on a very
� ne mesh with 640 cells along the axis is given as reference, and it
can be concluded that 160 cells are suf� cient to resonably resolve
the � ow with the � rst-order method. In Fig. 2 the convergencehis-
tories for the L2 norm of the density residual are displayed. In both
cases a CFL number of 1.0 was used, and for the reference solution
the preconditioningmatrix of Ref. 7 was employed. In the second
test case compressible � ow in a Laval nozzle was computed, where
the backpressure was adjusted such that the preshock Mach num-
ber of M D 2:9 is identical to that used in other investigations.7;13;20

Figure 3 shows the Mach-number distribution in the Laval nozzle
for both the reference code and the present approach. The identical
convergence behavior shown in Fig. 4 con� rms the statement that

Fig. 1 Subsonic Mach-number distribution in converging/diverging
nozzle.

Fig. 2 Convergence histories forsubsonic � ow in converging/diverging
nozzle.
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Fig. 3 Mach-number distribution for one-dimensional Laval nozzle
� ow.

Fig. 4 Convergence histories for one-dimensional Laval nozzle � ow.

Fig. 5 Mach-number distribution for supersonic nozzle � ow.

at high speed the present approach reverts to the explicit compress-
ible formulation. Note that in Ref. 7 it was observed that the purely
pressure-basedapproach failed for this case, and a special blending
technique had to be introduced. To give further evidence that the
present approach consistentlyblends to a compressibleformulation
suitable for reliable shock capturing, nozzle � ow with a preshock
Mach number of M D 32 was computed, similarly to prior investi-
gations of compressible codes.13;20 The axial Mach-number distri-
bution and convergencebehavior is shown in Figs. 5 and 6.

From the computationof these one-dimensionaltest cases, it can
be concluded that the present approach is well suited for compu-
tations over the whole Mach-number range, without any arti� cial
adaptation of the formulation to a speci� c � ow regime.

Next, the method is applied to inviscid � ow around the
NACA0012 airfoil. For the two-dimensional problems the formu-
lation with implicit smoothing according to Eqs. (18–22) was used.
The implementationas describedin theprecedingsectionwas estab-
lished in the unstructured NOUGAT (Node Oriented Unstructured
Generic Algorithm Testing) code.7;19 This code employs a node-
based scheme with dual-mesh metrics, the spatial discretization is
based on the MAPSC � ux-splitting scheme, and least-squaresgra-
dients are used for second-order reconstruction. Time integration
is achieved by a � ve-stage Runge–Kutta scheme, and convergence
toward steady state is acceleratedby local time stepping, agglomer-
ationmultigrid,and implicit residualsmoothingas given in Eq. (20).
Usually, CFL numbers of 6 are employed with this scheme.

For the computations a structured O mesh with 160 cells around
the airfoil and 32 cells in normal directionwas chosen.To check the
behavior of the present scheme with varying Mach number, for an
angle of attack of ® D 0 deg freestream Mach number was varied
from M1 D 0:001 to 0.85.No multigrid accelerationwas employed,
and the allowable CFL number was 6, as in the reference code with
preconditioning.7;19 Figure 7 displayssurface-pressuredistributions
obtained for selected Mach numbers, which illustrate the change in
the � ow characteristics. The convergence behavior of the present
methodand the referencecodewith preconditioningcan be assessed

Fig. 6 Convergence histories for supersonic nozzle � ow.

Fig. 7 Surface-pressure distributionfor Mach-numbervariationof in-
viscid � ow around NACA0012 airfoil at ® = 0 deg.
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Table 1 Drag coef� cient for grid-re� nement study of inviscid � ow around NACA0012 at ® = 0 deg

Mach number

Grid 0.001 0.01 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.75 0.85

40 £ 8 0.01875 0.01875 0.01882 0.01906 0.01950 0.02021 0.02135 0.02300 0.02549 0.02776 0.06780
80 £ 16 0.00482 0.00482 0.00483 0.00487 0.00493 0.00502 0.00517 0.00541 0.00578 0.00615 0.05286
160£ 32 0.00096 0.00096 0.00096 0.00096 0.00096 0.00097 0.00097 0.00098 0.00099 0.00103 0.04748

Table 2 In� uence of number of Jacobi iterations on convergence

Case

M D 0.001 M D 0:001 M D 0:85 M D 0:85
Method Iter D 10 Iter D 20 Iter D 10 Iter D 20

Present 814 554 4442 3900
Reference 1437 1430 4225 4215

Fig. 8 Number of time steps as function of freestream Mach number
for inviscid � ow around NACA0012 airfoil.

from Fig. 8, where the time steps required to reduce the L2 norm of
the density residual by eight orders of magnitude are displayed as a
function of freestream Mach number. At lower Mach numbers the
present approach converged signi� cantly faster than the reference
code with preconditioning.This is a result of the implicit treatment
of pressure through Eq. (15), which accounts at low Mach number
for the divergence-freeconstraint.The numericaleffortper time step
is similar for both codes because the default number of 10 Jacobi
iterationsis used throughoutand the reduction in the numberof time
steps leads to a correspondingreduction of total computation time.
For higher Mach numbers the convergencerates of the different ap-
proaches become similar, as might be expected because the present
approachbecomessimilar to the originalcompressibleformulation.

Successive mesh re� nement is used to demonstrate the accuracy
of the method. Table 1 shows the convergence of the drag coef� -
cient with mesh density. Drag converges with second order with
mesh re� nement, con� rming second-order accuracy of the spatial
discretization.7

To assess the in� uence of the number of Jacobi iterationson con-
vergence, for M1 D 0:001 and M1 D 0:85 the number of Jacobi
iterations was increased from 10 to 20. The results are summa-
rized in Table 2. With the present approach, for the incompressible
case the number of time steps is reduced by about 30% and for the
compressible case only by about 10%. For the reference code the
number of time steps is almost unaffected.This con� rms the default
of 10 Jacobi iterations as a good compromise to ef� ciently cover
incompressible and compressible � ows.

In the next case the robustness of the method was assessed. Fol-
lowing the routeof investigationsin Ref. 7, at M1 D 0:001 the angle
of attack was increasedfrom ® D 12 deg to 14 deg and 16 deg. In all
cases computations were started from freestream conditions. The

Fig. 9 Convergence for inviscid, incompressible � ow around
NACA0012 airfoil at ® = 12–14 deg with present approach.

Fig. 10 Convergence for inviscid, incompressible � ow around
NACA0012 airfoil at ® = 16 deg with present approach.

correspondingconvergencebehavior of the L2 norm of the density
residual and lift are shown in Figs. 9 and 10. For ® D 12 and 14 deg
convergence rates are similar. At ® D 16 deg the residual stalled,
but total lift converged to a steady value. In Ref. 7 the same cases
were computed using the reference code with preconditioningand
using a pressurecorrectionmethod. The pressurecorrectionmethod
achievedconvergedsolutionsup to ® D 14 deg, and a lift-converged
solution for ® D 16 deg. The reference code with preconditioning
did not yield a stable solution even for ® D 14 deg. In Ref. 7 the
dif� culties at higher angles of attack were traced back to onset of
separation triggered by numerical dissipation,and it was concluded
that the respect of the divergence-free constraint in the pressure-
based method was the primary reason for increasedrobustness.The
resultsobtainedwith thepresentmethodsuggestthat thedivergence-
free constraint is respected in the present formulation in the same
manner as in the pressure-basedmethod.
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Fig. 11 Convergence for viscous, incompressible � ow around
RAE2822 airfoil computed with present and preconditioned reference
method.

Fig. 12 Convergence for viscous, compressible � ow around RAE2822
airfoil computed with present and preconditioned reference method.

In the next test cases turbulentviscous � ow around the RAE2822
airfoil at M1 D 0.001, ® D 8 deg, and Re D 6:5 £ 106 was com-
puted using a hybrid mesh. The hybrid mesh was identical to the
mesh used in Refs. 7 and 19 and consisted of about 23,000 quadri-
lateral and triangular cells, where the 4800 quadrilateral cells were
used in the vicinity of the airfoil to resolve the viscous region, with
192 of these cells located directly on the airfoil surface. A four-
level agglomeration multigrid was used to accelerate convergence,
and the in� uence of turbulence was modeled following Spalart and
Allmaras.24 Figure 11 shows that theconvergenceof thenewmethod
is comparableto that of the standardcompressiblecodewith precon-
ditioning. Steady-state results are identical to those obtained with
the compressible, preconditioned reference code,7;19 which is also
indicated by the convergence to the same � nal lift coef� cient in
Fig. 11.

Finally, transonic � ow is computed for M1 D 0.73 and
® D 2.8 deg at the same Reynolds number. The convergence rate
displayed in Fig. 12 is again similar to that of the reference code,
and becauseof the use of conservative� ux balancesthe steady-state
solution is also identical to those of Refs. 7 and 19.

Conclusions
In the presentwork a computationalapproachwas derived,which

consistently covers incompressible and compressible � ows. This
is achieved by using pressure as a dependent variable while still

strictly respecting conservation properties. For compressible � ows
the method is similar to standard explicit codes solving the com-
pressible equations. For incompressible � ows an implicit solution
for pressure is established.The implicit formulation is derived from
pressure terms arising in the enthalpy � ux balance when the Mach
number approacheszero with the pressure terms identi� ed from the
approximate solution of the Riemann problem. The resulting equa-
tion is similar to a pressure correction equation, which is however
derived from the energy equation.This re� ects the fact stated in the
literature that the divergence-freeconstrainton the velocity � eld for
incompressible� ow derives from the energy equation and not from
the continuity equation.

Computationof one-dimensionalnozzle � ows con� rmed that the
present approach is capable of covering the whole Mach-number
range.The excellentshock-capturingcapabilitiesand the robustness
of the basic approximateRiemann solver were not compromised in
the present formulation.Compared to a referencecode with precon-
ditioning and Runge–Kutta time integration, improved ef� ciency
and robustness of the present approach were demonstrated for in-
viscid, incompressible� ow aroundairfoils.Finally, the applicability
to viscous � ow was shown for incompressible and transonic � ow
around airfoils.

Acknowledgments
Parts of this study were conducted when the author was in

residence at the former ICASE, and the author expresses his
thanks to Manuel Salas, former ICASE director, for providing this
opportunity.

References
1Guillard, H., and Viozat, C., “On the Behaviour of Upwind Schemes

in the Low Mach Number Limit,” Computers and Fluids, Vol. 28, 1999,
pp. 63–86.

2Turkel, E., “Preconditioning Techniques in Computational Fluid Dy-
namics,” Annual Review of Fluid Mechanics, Vol. 31, 1999, pp. 385–416.

3Choi, Y.-H., and Merkle, C. L., “The Application of Preconditioning to
Viscous Flows,” Journalof ComputationalPhysics, Vol. 105,1993,pp. 207–

223.
4Weiss, J. M., and Smith, W. A., “Preconditioning Applied to Variable

and Constant Density Flows,” AIAA Journal, Vol. 33, 1995, pp. 2050–2057.
5Lee, D., “Design Criteria for Local Euler Preconditioning,” Journal of

Computational Physics, Vol. 144, 1998, pp. 423–459.
6Lee, D., “The Design of Local Navier–Stokes Preconditioning for Com-

pressible Flow,”Journalof ComputationalPhysics, Vol. 144, 1998,pp. 460–

483.
7Rossow,C.-C., “A BlendedPressure/DensityBased Method for the Com-

putation of Incompressible and Compressible Flows,” Journal of Computa-
tional Physics, Vol. 185, 2003, pp. 375–398.

8Darmofal, D. L., andVan Leer, B., “Local Preconditioning:Manipulating
Mother Nature to Fool Father Time,” Computing the Future II: Advances
and Prospects for ComputationalAerodynamics, edited by D. Caughey and
M. Hafez, Wiley, New York, 1998, pp. 211–239.

9Karki, K. C., and Patankar, S. V., “Pressure Based Calculation Procedure
for Viscous Flows at all Speed in Arbitrary Con� gurations,” AIAA Journal,
Vol. 27, 1989, pp. 1167–1174.

10Demirdzic, I., Lilek, Z., and Peric, M., “A Collocated Finite Volume
Method for Predicting Flows at All Speeds,” International Journal of Nu-
merical Methods in Fluids, Vol. 16, 1993, pp. 1029–1050.

11Bijl, H., and Wesseling, P., “A Uni� ed Method for Computing Incom-
pressible and Compressible Flows in Boundary Fitted Coordinates,” Journal
of Computational Physics, Vol. 141, 1998, pp. 153–177.

12Mathur, S. R., and Murthy, J. Y., “All Speed Flows on Unstructured
Meshes Using a Pressure Correction Approach,” AIAA Paper 99-3365, July
1999.

13Rossow, C.-C., “A Flux Splitting Scheme for Compressible and In-
compressible Flows,” Journal of Computational Physics, Vol. 164, 2000,
pp. 104–122.

14Klein, R., “Semi-Implicit Extension of a Godunov-TypeScheme Based
on Low Mach Number Asymptotics I: One-Dimensional Flow,” Journal of
Computational Physics, Vol. 121, 1995, pp. 213–237.

15Roe, P. L., “Approximate Riemann Solvers, Parameter Vectors and
Difference Schemes,” Journal of Computational Physics, Vol. 43, 1981,
pp. 357–372.

16Schneider,T.,Botta, N., Geratz, K. J., andKlein,R., “ExtensionofFinite
Volume CompressibleFlow Solvers to Multi-Dimensional, Variable Density



2386 ROSSOW

Zero Mach Number Flows,” Journal of Computational Physics, Vol. 155,
1999, pp. 248–286.

17Vierendeels, J., Riemslagh,K., and Dick,E., “A MultigridSemi-Implicit
Line-Method for Viscous Incompressible and Low-Mach-Number Flows on
High Aspect Ration Grids,” Journal of Computational Physics, Vol. 154,
1999, pp. 310–341.

18Jameson, A., Schmidt, W., and Turkel, E., “Numerical Solutions of
the Euler Equations by Finite Volume Methods Using Runge–Kutta Time-
Stepping Schemes,” AIAA Paper 81-1259, June 1981.

19Rossow, C.-C., “Convergence Acceleration on Unstructured Meshes,”
Contributions to the 12th STAB/DGLR Symposium Stuttgart 2000, Notes on
Numerical Fluid Mechanics, edited by S. Wagner, U. Rist, J. Heinemann,
and R. Hilbig, Vol. 77, Springer, Berlin, 2002, pp. 304–311.

20Rossow, C.-C., “A Simple Flux-Vector SplittingScheme for Compress-
ible Flows,” Contributionsto the 11th STAB/DGLR Symposium Berlin 1998,
Notes on Numerical Fluid Mechanics, edited by W. Nitsche, J. Heinemann,

andR. Hilbig,Vol. 72, Vieweg, Braunschweig, Germany, 1999,pp. 355–362.
21Edwards, J. R., “A Low-Diffusion Flux-Splitting Scheme for Navier–

Stokes Calculations,” Computers and Fluids, Vol. 26, 1997, pp. 653–659.
22Jameson, A., “Arti� cial Diffusion, Upwind Biasing, Limiters and Their

Effect on Accuracy and MultigridConvergence in Transonicand Hypersonic
Flow,” AIAA Paper 93-3559, July 1993.

23Moschetta, J.-M., and Gressier, J., “The Sonic Point Glitch Problem: A
Numerical Solution,” Proceedings of the 16th International Conference on
Numerical Methods in Fluid Dynamics, Lecture Notes in Physics, Springer,
Arcachon, France, 1998.

24Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model
for Aerodynamic Flows,” La Recherche Aerospatiale, No. 1, 1994,pp. 5–21.

P. Givi
Associate Editor


